We consider the Jacobi operator, defined on a closed oriented hypersurfaces immersed in the Euclidean space with the same volume of the unit sphere. We show a local generalization for the classical result of the Willmore functional for the Euclidean sphere. As a consequence, we prove that the first eigenvalue of the Jacobi operator in the Euclidean sphere is a local maximum and this result is a global one in the closed oriented surfaces space of R 3 and genus zero.
Introduction
Let M n be a closed oriented hypersurface immersed in R n+1 . Consider the differential operator
where ∆ is the Laplace-Beltrami operator and |II| 2 = n j=1 k 2 j is the squared norm of the second fundamental form of M . This operator arise naturally in the study of stability of geometric problems, as known as Jacobi operator, observed in the works of Barbosa and do Carmo [2] , Barbosa, do Carmo and Eschenburg [3] , by appearing in the calculation to the second variation of the volume at M . It is also found in the works of Harrel II [5] , Papanicolaou [7] and Harrell II and Loss [6] that deal with partial and total proof of the Alikakos-Fusco conjecture proposed in [1] . This conjecture is related to a physical problem involving stability of interfacial surfaces, in which the authors realized that the instability of these surfaces was associated with the negative eigenvalues of the Laplace-Beltrami operator L. Since the first eigenvalue of L is always negative, all attention was restricted on the second eigenvalue, where stability and characterization theorems were obtained, as it is presented by Harrell and Loss in [6] , where Alikakos-Fusco conjecture follows as a particular case. In order to present this result, we are denoting by H = n j=1 k j the mean curvature non-normalized of M .
Theorem 0.1 ([6] ). Let Ω be a smooth compact oriented hypersurface of dimension n immersed in R n+1 ; in particular self-intersections are allowed. The metric on that surface is the standard Euclidean metric inherited from R n+1 . Then the second eigenvalue λ 2 of the operator
is strictly negative unless Ω is a sphere, in which case λ 2 equals zero.
We can look at this theorem as a characterization of a round sphere. So we decided to investigate if this also happens for the first eigenvalue. That is, among all the orientable compact hypersurfaces immersed in Euclidean space, with the same volume as the unit sphere, which one has the highest first eigenvalue? It is reasonable to expect such a hypersurface be a sphere, but we only get to prove it in the case of surface, see Theorem 3.1, and we get a partial result for higher dimensions, see Theorem 3.2. It is important to note that the results that we have obtained regarding the operator L, defined in (0.2), also apply to Jacobi operator L in (0.1), since (1/n)H 2 ≤ |II| 2 , with equality occurring in the Euclidean sphere.
In development of the results, we use the Willmore energy functional, which associates to every compact surface S ⊂ R 3 the quantity
where H = (k 1 + · · · + k n )/n denotes the mean curvature in S. This functional appears naturally in other sciences, such as the study of: elastic shells [4] , [9] and cell membranes [10] . In mathematics it became well known by the famous Willmore Conjecture, proposed in [11] and proved by Codá and Neves in [8] .
In [11] , Willmore proved that among all embedded surfaces in R 3 , the energy functional attains its minimum in the Euclidean sphere. As a consequence, we prove that the first eigenvalue of the L operator attains its global maximum in the sphere S 2 . Also, for n > 2 we will proceed similar to Papanicolaou in [7] , by giving local results in the sense that M is a sufficiently small perturbation of the sphere, with the same volume of S n . So we prove that Willmore functional attains its local minimum in the S n sphere and, consequently, we prove that the first eigenvalue of L attains its local maximum in the sphere S n . .
Variations for hypersurfaces of constant volume
Let h : M n → R n+1 be an immersion of an orientable, n-dimensional differentiable manifold into R n+1 . A variation of h is a differentiable application
such that, for all t ∈ (−ε, ε) and p ∈ M , the map X t : M n → R n+1 defined by X t (p) = X(t, p), is an isometric immersion, with X 0 = h. Let vol(M ) denote the n-volume of M in the induced metric of R n+1 , given by
In what follows, Φ : U ⊂ R n → S n is a parameterization of the Euclidean sphere. Let X t : S n → R n+1 , t ∈ (−ε, ε), X 0 = Φ be a variation of S n and set vol(t) = vol(X t (S n )). We will say that a variation is volume-preserving if vol(t) = vol(S n ), for all t ∈ (−ε, ε). For each X t immersion, the metric tensor corresponding will be denoted by g(t), as all the geometric elements at X t (S n ) will be indicated with t. In the absence of the index t, refer us to geometric elements at S n .
We will make frequent use of the following lemma Lemma 1.1. Let f : S n → R be a smooth function. Then there exists a variation
where ϕ : (−ε, ε) → (−δ, δ) is a smooth function got by the Implicit Function Theorem, such that vol(t) = vol(S n ) for all t ∈ (−ε, ε).
Proof. Consider the family of embedding
for t and s sufficiently small. For simplicity of notation, we write f (x) instead of f (Φ(x)). The volume of X (t,s) (S n ) is given by
By the Implicit Function Theorem applied the function (t, s) → vol(t, s), there exist a neighborhood (−ε, ε) × (−δ, δ) of the origin (0, 0) and a smooth function
And, ∂ϕ ∂t
Then, we conclude that
Notice that ϕ depends of f and, so of x. However,
that we will use later. Therefore, the variation
is volume-preserving.
The lemmas below are essentially for the proof of some result of this work.
we associate a immersion X t definite in (1.1) and consequently a embedded hypersurface M n t = X t (S n ) at R n+1 , with the same volume of S n , such that M 0 = S n . The each hypersurface we associate a inherited metric g ij (t) and we get the following differential of first order in t = 0:
Proof. Let X t (x) = (1 + tf + ϕ(t))Φ be the variation in 1.1. Your differential in t = 0 is given for
Hence, for t sufficiently small g ij (t) is a Riemannian metric.
(1) Calculation of ∂g ij (t) ∂t t=0 :
By making t = 0, we have:
(2) Calculation of ∂g ij (t) ∂t t=0 :
We know that
Thus,
.
For t = 0,
(4) Cálculo de ∂N (t) ∂t t=0 :
We have,
Then,
(6) Calculation of ∂H(t) ∂t t=0 :
By definition, H(t) = 1 n n i,j=1 g ij (t)h ij (t). Hence,
For each t ∈ (−ε, ε) we associate a immersion X t definite in (1.1) and consequently a embedded hypersurface M n t = X t (S n ) at R n+1 , with the same volume of S n , such that M 0 = S n . The each hypersurface we associate a inherited metric g ij (t) and we get the following differential of second order in t = 0:
Proof. We will begin by calculating the second differential of the immersion X t given in (1.1)
We have also that
(1) Calculation of ∂ 2 g ij (t) ∂t 2 t=0 :
(2) Calculation of
(3) Calculation of ∂ 2 g(t) ∂t 2
t=0
:
On the other hand, we have that
Therefore,
Willmore Functional
We will present the Willmore theorem for sufarce of genus 0 proposed in [11] that given us a characterization for Euclidian sphere in dimension 2. Then, we will prove a local generalization for this result in higher dimensions. Before we will give a formal definition of the Willmore functional Definition 2.1. Consider S a differentiable surface of class C ∞ , oriented, closed and g : S → R 3 a C ∞ embedded.
where F is space of all the embedded of S in R 3 and g(S) is a hypersurface of R 3 .
Theorem 2.2 ([11]
). Let S have genus 0.Then for all g ∈ F we have
Moreover, W (g) = 2 if and only if g(S) is a euclidean sphere. Now we will go work with objects of higher dimension. For this, we will use the volume-preserving variation theory for hypersurface presented in the previous section 1. We will begin by defining a generalization for the Willmore functional. Definition 2.3. For each t ∈ (−ε, ε) we associate a immersion X t definite in (1.1) and hence a embedded hypersurface M n t at R n+1 with the same volume of S n , such that M 0 = S n . So, we let's define the functional
where H(t) is the mean curvatura non-normalized associated the inherited metric g ij (t) at M t = X t (S n ).
Theorem 2.4. For each t ∈ (−ε, ε) we associate a embedded hypersurface M n t with the same volume of S n , given for the variation X t in (1.1) such that M 0 = S n . That for all t ∈ (−ε, ε) we have
Moreover, W(t) = n if and only if M t is a euclidean sphere.
Proof. We will prove that the W functional attains its local minimum in t = 0.
that is, the sphere is a critical point for the W functional. Moreover, by calculating the second differential, we get:
By using that ∇(f + ϕ ′ (0)) = ∇f and ∆(f + ϕ ′ (0)) = ∆f , we have
By considering the base {φ i } i∈N of the space L 2 (S n ), formed by the eigenfunction of the Laplace operator, then f + ϕ
We want to determine the sign of W ′′ (0). For this, we need of the sign of the second degree polynomial 2β 2 i − (6n − 2n 2 )β i + (4n 2 − 2n 3 ). We will determine its roots:
Therefore, the roots are β ′ i = 2n − n 2 e β ′′ i = n. If there exist some a i0 = 0 for i 0 > n + 1, then β i0 > n and since the coefficient, which accompanies β 2 i in the expression, are positive, then in this case the polynomial of the second degree is always positive. Therefore, W ′′ (0) > 0 and the functional has a point of local minimum at t = 0, i.e., in M 0 = S n .
On the other hand, if a i = 0 for all i > n + 1, then W ′′ (0) = 0. In this case, a 2 , . . . , a n , a n+1 ), such that β ′ i (0) = a i and set
such thatX 0 (S n ) = S n . We can to rewriteφ(t, f ) as
That satisfy the following second degree equatioñ
Therefore,X t is a translation by sphere and consequently vol(t,φ(t)) = vol(S n ), for all t ∈ (−δ, δ).
On the other hand, we remember that ϕ was determined by the Implicit Function Theorem to satisfy vol(t, ϕ(t)) = vol(S n ) as well. So, by the uniqueness of the same theorem, we have thatφ ≡ ϕ and so X t ≡X t . Hence, we have that X t is a variation by the sphere if, and only if, f + ϕ ′ (0) is a first eigenfunction of the Laplace operator. Finally, it follows that for all t ∈ (−ε, ε) (2.2) W(t) ≥ W(0) = 1 nvol(S n ) S n n 2 dS n = n ⇒ W(t) ≥ n.
Also, if we have the equality W(t) = n, that W(t) = W(0) and so W ′′ (0) = 0. In this case the X t variation is just a translation by spheres. This concludes the demonstration.
From this result we can to conjecture Conjecture 2.5. Every compact hypersurface M n of genus 0 at R n+1 with the same volume of the unit sphere must to satisfy W(M ) ≥ n.
Moreover, W(M ) = n if, and only if, M is the Euclidean sphere.
3.
Characterization results for sphere.
3.1.
A maximum property of S 2 . Throughout this section, consider S ⊂ R 3 a differentiable surface of class C ∞ , oriented, closed, and of the same volume as the sphere S n . where ∆ and H are, respectively, Laplacian and mean curvature non-normalized of the inherited metric in S from the R 3 metric. The first eigenvalue λ 0 1 from the L operator in the S 2 sphere is the global maximum between all the first L eigenvalues on S genus 0 surface.
Proof. Let u ∈ H 2 (S) be the first eigenfunction of L and λ 1 the related eigenvalue, that is,
Since u is a first eigenfunction, we can to consider u > 0 and by using the expression (3.1), follows Therefore, by Alexandrov's theorem it follows that M t = S n . Consequently, we have that the first eigenvalue in the sphere is a local maximum. This completes the proof of the theorem.
